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RESPOlEt  or  A  SIMPLY-SUPPOinSD  TlMaSHEIOCO 
BEAM  TO  A  PURBUr  RABDCM  MUSSLUI  PROCESS* 

by 

J.  C.  SmmIa**  ftod  A.  C.  ErlD^B*** 

PurStu  UEdv»r*Uy 
ABSlBACr 

th«  giMrallMd  Pourier  •oAlyil*  1*  kppllad  to  tb«  doi^d 
TlBoabonko  b««B  •^uAtloo  to  coloulAt*  tbo  mm  •quar*  vmluao  of  di«- 
placMMot*  aal  b«oliD«  otr***,  roaultlof  frca  puroly  raadoa  loading. 
Co^arad  vlth  tha  oaleulatlona  baaad  on  tba  '‘Uaaleal  baa*  tbaory  [if], 
It  vaa  found  that  tba  diaplacanant  eorralatlcat  of  both  tbaorlaa  vara 
IB  axcalleat  acraawat .  Moraovar  tba  waa  a^uara  of  tba  bandlag 
atraaa,  eeatrary  to  tba  raaulta  of  tba  elaaaloal  baas  tbaory,  vw  found 
to  ba  convargtat.  Coi^tatiaia  carrlad  out  vlth  a  digital  ecaputar 
are  plottad  for  both  tbawlaa. 


*PraaaDt  vork  vaa  apcu  i  :d  by  the  Office  of  Haval  Reaaarch 

**Reaearch  Aaalatant,  OlrlalOD  of  Englnearlng  Seiancaa,  Purdue  Univaralty 

***Profaoaor,  Dlvialon  of  Enginaaring  Sclencai.,  Purdue  Univaralty 
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lntro(iuetlon 

I>»  r..po«.  of  lloo„  .uotlo  to  roodo.  forolo*  nioctloo. 

h..  b.,0  .todlod  by  Ornofln  (IJ,  Hoodljl.  I2).  v„  ^  Ubl.ob.ck  (3J, 
kod  EHOBO  Ik).  1.108,0  Clcouud  tb.  »io,  dl.pUo,«ot.  u  ..li 

«  tb.  .t„.„.  producd  lo  .  b.»  .ubj.ot  to  .  poroiy 

.~>d«  lo«Uo8,  ««1  foobd  th.t  tb.  ..rl.. forth.  .tr..... 

41v.rs..  a.  tb.o  .088.. t.d  th.t  tb.  co..  of  thl.  dl^rgeoc.  _y  b. 
tr.c.d  to  tb.  lo»l.,o.t.o...  of  tb.  .1...10.1  b.„  thoory.  lo  ordor  to 
~c«rt.lo  tbl.  polot,  oo.  1.  th«  lod  to  .00.14.,  .  „„„j  ttaory 

coouioioj  .  ..ch.01..  .blob  «u  f.,or.bl,  ...pood  to  .ucb  .  lo«l- 
lt«.  Tb.  pr,.,ot  .tody  1.  tb.  ™.olt  of  .ocb  .  ooo.l4.,.tlo». 

At  flr.t,  tb.  Tlaotbooko  b«u  tb.ory  »o41fl.d  wtb  tb.  .ddltloo 
of  .  tr.o.l.tory  vloolty  duplo,  .pp..r.d  to  b.  Eo..,,,.  . 

do..  ,x.dn.tloo  .bo«4  tbbt  oot  001,  tbl.,  hot  tb.  Mdltloo  of  Volgt- 
S.:...  tjT.  of  lotorokl  db^iog  did  oot  prodoc  .d.Ti.t.  tboory  l.«l- 
108  to  coov.rgl.8  for  tb.  «»o  .,o.r,  fodlo,  .tr...,  lotrodoo. 

tloo  of  .  110.8,  d«plo8  to  rototoiy  botloo,  boo.™,,  p™i„„4  tb. 

.xp.ot.d  ib.olt.  Wltb  tb.  Mdltloo  Of  .00b  .  «ob.„i..  to  Il«.b.oko 
b.Ui.  It  ...  00  looe.,  Odcwf  to  cowllct.  tb.  U»l,.i,  by  0.108 
lot.™.!  d«pl08.  Tb.  8o.l,.l.  of  tbl.  «xl.l  1.  criod  .ot  fo,  . 

.1^1,  .opportod  b.-  .objoot  to  ™od«  p™..o„  .,04  po^ly  „od<. 
concentrated  load. 

AO  .loctroolo  cowot,,  w.  owd  to  cowot.  tb.  dl.pUo.wot  .od 
bending  streea  correlation  fttnetiona. 
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2.  Differentia  Equfctiont 


fig.  1  Elenent  of  tte  Beta 


B^u4tion*-of  rotntory  nod  tmnnlntory  aotione  of  no  eleaeot  of  tbe 
Tlaoeheoko  bcnn  reepectlvely  «r«  (Fig.  1) 

dM  , 


(1) 


?  *  ®  ' 


r  (’, 


S  *  ■’  *  (’2 


■ 

i)C 


A  ^ 

^  5t 


vhere  M,  Q,  P  ore  the  heading  inaaeDt,  vertlcnl  ehenrlng  force  nod  the 
vertical  applied  load;  *fe  eurface  abearing  atreaaea  which  will 

play  the  role  of  a  duqilog  due  to  ratatloo;  h.  A,  2  are  the  thlokaeee, 
the  crose  eectlon  area,  and  the  noaent  of  inertia  about  the  neutral 
axis,  0  !•  the  aaee  density,  ^  and  w  are  the  bending  angle  and  the 
deflection.  Coordinate  x  locates  the  cross  section  and  t  is  the  tine. 


In  the  TiiDosbenko  bean  theory  >n  have 


(3)  I-, 


(5)  Q  =  kGA  7 

Where  y  la  the  flhe4ring  4n«le,  E  eod  G  ere  Young'*  nnd  ehear  Boilxail 
re*peetlvely,  end  K  is  *  constant  which  is  adjustable  to  take  into 
accound  the  effect  of  the  shape  of  the  cross  section.  Here  w^  i* 
termed  the  bending  deflection  [5).  For  k,  TiK>*henke  and  E.  Reissner 
respectively  use  2/3  *nd  5/6* 

Id  order  to  arrive  at  a  rotatory  daatping  similar  to  linear  velocity 
damping,  ve  set 

(6)  ‘^1  *  ^2  *  h  ®1  ^  constant. 


This  merely  introduces  a  mecbanisB  for  the  rotatory  daegiiog  and 
is  no  more  or  less  a  sacrifice  then  the  universally  accepted  idea  of 
linear  dancing  du/dt  present  in  (2).  It  may  be  thought  of  a*  being 
the  air  friction  combined  with  aU  the  frictional  resistance  against 
the  rotation  of  the  element  of  the  beam. 

If  we  use  (3)  -  (6)  in  (1)  and  (2),  we  obtain: 

(7)  El  ^  .  EGA,  .  EM  ^  ^  ,  B  g 


^  . 

SIT 


®o  5t 


Differentiating  the  first  of  (?)  with  respect  to  x  and  using  the 
second  of  (7)  to  eliminate  9,  we  find 
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,  A 


(»I  •  Si)  ! 


*  "E  3"  *  Ij 


kST 


*1,  6’.  .  S=. 


A  ^ 
^0  Ot 


A  alqilA  relation  «xl«t«  betiieen  v  and  Wg.  Thlt  !•  found  by  cob- 
blnlng  (2)  .  (5),  integrating  the  reeult  with  reepect  to  x  a&d  excluding 
a  rigid  body  diaplaecmont  frcxo  tbe  rosvilt.  Hence 


Soaetloee  w^  la  called  the  abear  deflection  (5J. 

With  the  introduction  of  (10),  equation  (9)  my  be  aliffiliried  to 

(11)  Ug  .  P 

Equation  (8)  la  tne  Tiaoahenko  beaa  equation  aodlfled  with  linear 
and  rotatory  daaping  and  external  loading.  In  what  follows,  we  also 
need  the  boundary  conditions  for  a  sl^ly. supported  beaa; 


(12)  w  ■  dqj/dx  *0  at  x  :  0,  L 

Fro«  (10),  (3),  and  (b),  it  la  clear  that  if  ve  aiXe 

(13)  Vg  »  d^Wg/Sx^  s  0  St  X  -  0,  L 


then  the  boundary  condltloia  (12)  would  be  satisfied.  Hence  we  Mt) 
first  solve  (11)  subject  to  (13)  to  obtain  Wg.  Equation  (10)  then 
gives  w. 
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5.  Porml  Solutlwi 


In  order  to  detendne  the  Bees  square  values  of  various  quantities 
such  as  the  dlsplacsments  and  the  stresses,  we  aust  first  find  a  steady, 
srats  solution  of  (8)  satisfying  (12).  This  Is  the  saae  thing  as  solv- 
ng  (11)  subject  to  (12).  Geoerallied  haraonlc  analysis  [6]  can  thsn 
te  used  to  coBplete  the  prohlsa.  A  foraal  solution  of  (11)  satisfying 
(12)  has  the  fom 
oo 


(IM 


w^(t)  sin  (umt/L) 


If  we  uss  (lU)  and  a  similar  expression  for  ?  with  P^(t)  replacing  w^(t) 
In  (11),  we  obtain  an  ordinary  differential  squat,  i  for  w  (t).  The 
Fourier  transfora  of  this  equation  with  respect  to  t  gives: 

(15)  ^^(e)  •  (cVei)  F^(C)/Dn(C) 

where 

il6)  DJ(I  : 


and 

(17) 


d  -  XX 


k  If 


n  o  '  n  ^^o  n' 

A„  ■  (1  .  «)/oA,  S  .  «(«)‘^  .  c^[(l  .  .  Xr'^j 

(13)  -  (c^/oA)  ((1  +  .X)X^  +  X  a  kC/E,  c  .  (E/o)^^® 

r  a  (i/A)^/^  ,  .  e/ey,  X__  =  „/L 
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rvTtbmr  ■  btf  oa  top  of  ■  littor  npr%ft»Bta  tbi  fourlor  tiwatarm,  ■.  *. 
oo 

(19)  ;;,(£)  .  J .^(t)  .-‘5*4t 

•oo 

Mr  b*  found  to  te 
L 

(®0)  ^n(C)  "  I  ^  F(*»0  «ln  (aitA)  d{ 

With  th.  uoo  of  (ao)  in  (X5)  M  Mr  iB«rt  (15)  to  obtain 

(91)  ..(t)  =  /“  .(t-T)  w,„)  4„  .u  (.n/u  dt 

«toni 

<“>  ■  sf-  /”  -“Vvs)  *5 

1.  tk.  ftikrtloc  «f  tk.  .f,U,  for  tk.  k*'  .,1.  or  WWloii, 

o^tloo  (Ik)  ««  DOV  lioro  Wg(x,t).  If  oo  fortfaor  UM 
tklo  nnilt  lo  (lo),  „  oMoln  0(0,1),  tkoo  ct^lotloi  •  •toadf.ototo 
•olutlon  of  (8)  iub^ct  to  (12). 

ttalMtlOO  of  w^(t) 

CoBtaiT  latacntlon  Mr  conwiiioBUy  bn  bmCM  mlMt*  (21). 

R>r  too  tk.  wprojrl.M  eooloor  C  for  tu.  loUim  1.  tkt  oppor  kolf 
of  .  olrcl.  of  rodlu.  11  in  tk.  {.pu..  k.„„,  th.  ormo  .t  J  .  0.  It 
can  bn  nbona  that  tbn  Istafral 


.8. 


•long  the  .s.l-oiroolhr  ate  ....i.he,  „  ^ 

»«!  glvsi  (22),  ,hich  b,  the  theory  of  re.lduee  vlH  be  2tl  time,  the 
eon  of  the  realdueo  within  the  contour.  To  obtain  the  residues,  we 
need  to  locate  the  poles  of  D„(C)  s  0,  rtileh  In  wlew  of  (16)  1,  the 
sane  thing  as  finding  the  roots  of  the  frequency  equation; 

(25)  s'*  1  as’  .  b,,s®  •  C„t  t  .  0,  t  i  IJ 


■me  roots  of  the  quartlc  (25)  can  be  detenalnad  eaactly  by  ualng  the 
hnown  fonaulae  for  roots,  however,  the  coeplemy  of  these  forssilae 
would  isake  the  result  difficult  to  Interpret.  Itiue  we  use  an  approxl. 
Slate  isethod  which,  for  aainll  dajsplng.  Introduces  negligible  errors  In 
the  final  results.  We  take  the  transverse  and  rotatory  damping  coefflcl- 
ents  and  6^  to  be  the  saae  order  of  isagnltude.  Ihl,  neans  s  =  0(1). 
For  sisall  a  natural  nethod  for  rinding  the  roots  of  (loj  is  to  use  a 

perturbation  procedure  In  which  Is  the  perturbation  parsimter.  Thus 
we  write 


Upon  eubetltutlon  of  this  into  (23),  using  (I7)  sad  setting  the  coef- 
flclents  of  various  powers  of  equal  to  tero,  we  obtain 


0 
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Theie  equatloni  «ay  b«  solved  very  tlmpiy  since  satisfies  a  biquadratic 
while  all  the  other  z^  satisfy  linear  equations.  Hence 

"o  =  '  «n  ■  “n*  -“n-  “n  *  ' 

(25)  -  l4d^)ijJ 


(26)  *1  ■ -(A^-._  * 

We  likewise  obtain  tg,....  However  In  the  present  work,  it  will  not 
be  necessary  to  obtain  the  hi^r  order  lervs. 

We  note  that  the  dependence  of  on  n  does  not  violate  the  per. 
turbatlon  since  for  large  n  we  have  z  s  o(o),  thus  making  C  i  and  sz^ 
O(n^)  while  the  reealnlng  terms  are  0(o**). 

An  examination  will  show  that  Hence  w  and  m 

are  real.  Using  (2M  -  (26)  we  p.y  vrite  D^(t)  to  a  linear  approxi¬ 
mation  In  B  as 

”„(!)  =  -  !j)({  .  tj*). 

n  =  “olVn"  - 
n  =  Bo<*o''n  ""  ' 


(27)  6, 
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and  an  aateriak  repreBenti  conplex  cooju^te  e.g.  -  u  -  16 

By  uae  of  Cauehy'a  theorea  of  nalduea,  w  find  that  tf  (t)  •  0  for 
tco  and 

iC,t  15  t 

W^(t)  .  IB  (P^e  ^  ♦  P^e  ^  )  for  t>0 

(aS)  .  ^)-l 

■■a  •  “n'^f'a  - 

Here  Im  repreaeatt  the  liaaglnary  part  of  the  ec^lex  quantity.  Sub- 
atltutlng  the  first  of  (28)  into  (a)  and  the  reauit  into  (14),  ve 


oo  ^  ^ 

(29)  -  .(acV/EIL)  ^  (y"  ij^ 


«  ^  lCl(t-T)  icct-t) 
+  P-e  2  ) 


P(S,t)dtl  aln  (nn/L)d{}  aln  (nmt/L) 
ttla  co^letea  the  aolutlon  of  the  deteralnlatlc  problea.  Por  through 
(10),  we  can  calculate  w(x,t). 

iCi(t-t)  i5.(t.T) 

>  (flje  ^  ♦  Qge  ®  ) 


(30) 


v(*,t)  - 


P(«,T)dT]  aln  (nn/L)  d§J  aln  (nmt/L)  » 

Oj  -  U  -  Cr^/Ac®)5j®  +  («r^  h"^c"®(l*x)"^]  15^  +  t^\^A))Pj. 

(i  -  1,2) 


5.  Ihe  Autocorrelation  Puactlon  of  the  Dlaplacenant 
and  the  Ending  Hoaeot 

^  average  of  a  function  w(x,t)  la  defined  by 

llB  i-T 

(31)  <v(x,t)--  ■  Haoo  g^r  /  w(t,t  +  x)  dt. 

-T 
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For  an  ergodlc  proceaa  thl*  average  la  known  to  be  equal  to  the 
expectation  (enaeable  average)  B(w(x,t))  of  the  function  w(x,t).  If 
the  origin  aelected  for  tlee  t  doea  not  effect  the  expectation,  l.e. 

E{x(x,t  ♦  T))  =  E(w(x,t)) 

we  aay  that  the  proceaa  la  etatlooary.  For  a  atatlonary  ergodlc 
proceaa,  therefore,  we  my  write: 

E{w(w.t}}  *-  <v(x,t)>  *  lla  1  v(t,t  +  T)dt 

T*oo  ^ 

(^2) 

E(v(x,t)  w(t  ♦  T)}  s  yx.t.t)  tll»  ^  f  v(x,t)  v({,t  +  T)  dt 

Here  la  called  the  autocorrelation  function  of  w(x,t).  We  note  that 
the  mean  aquare  value  of  w(x,t)  followa  fro*  the  aecond  of  {Jl)  by  aet- 
ting  t  •  0.  The  alB  of  the  preaeat  paper  la  to  deteralne  the  auto- 
correUtion  functlone  of  the  dlaplaceeent  w  and  that  of  the  bending 
atreaa  in  tenia  of  the  autocorrelation  function  Rj,(x,J,t)  of  the 
applied  load,  l.e. 

(33)  Rj,(x,{,t)  .  E{P{x,t)  P{{,t  +  t)) 

Tble  latter  quantity  la  obtained  fro*  a  record  of  the  tlae  hlatory 
of  the  load  P(x,t}.  latar  for  tbta  quantity,  we  ahail  aelect  the 
fundaaental  caae  of  purely  randOB  proceaa  In  tlae  with  temporal  corre¬ 
lation  In  two  apace  points,  vaniahing  vben  the  polnta  are  not  coincident. 
More  preciaely 
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(3^)  Rp(*,SiT)  =  D6(x.t)  6(t) 


where  b  la  the  Dirac  delta  ftmetion.  This  fom  la  ccwonly  uaed  In  the 
treataeot  of  the  Brownian  aotton,  but  it  la  doubtful  if  any  real  func¬ 
tion  could  coaply  with  it  exactly. 


Ualng  (l4)  with  w^(t)  given  by  (21)  in  place  of  w  in  the  aecoal  of 
(32),  we  obtain 


(35)  R 
''b 


(2c 


■)(//(/  / 

•Jo  Jo  -I  J 


00 

\ir)  w^(s) 


Rp(x'^t',T  +  f  -  a)  dr  daj  dx*df}  ain  (nn/L)  aln  («7r|/L) 

Upon  eubatltutioo  of  (3b)  thia  givea 
00 

'  C  (C*‘>/EI)®^  S|j(t)  aln  (mnt/L)  sin  (mrt/L) 

where 

/oo 

“„(>■)  w„(r  *  t)  dp 

-OO 


We  my  now  use  (28)  in  (37)  to  evaluaxe  this  integral 
S^(t)  .  Beal  (M^e^^lT  ^ 

'diere 

(38)  .  1(5^  .  p^p^,  .  ^  5^,-1  ^ 

i(!p  -  Sp*)"'-  PpPp* 

«2  ■  -i(2!p)'^  Pp^  .  Ktj  -  y)'^  PpPj*  -i(5j  .  ;^)-l  PjP^  » 
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The  re»l  form  of  (38)  !■ 

s  e  (E^  com  tio  w  t) 

-a  T 

+«  {G^  eo«  min  M  t) 

(39) 

“n  ■  "1  *  "1*  •  2f„  '  l(llj  -  Mj^*) 

“b  °  "2  *  "s*  .  !  1(1^  -  Hj.) 

roT  aaBU  thaae  My  be  sl^Ufiad  to 


*0 '  (“o)‘‘  \'“i\  ■  \‘r‘ 

(ko)  S'  ^  2  _  ^  2^.5 


“n  '*  <*1)'^ 

"o*  - 

me  totdl  dl.pl.cen.ot  correutlon  F_  i.  obt.ir»d  by  .ubetltutlog  the 
flr.t  or  (30)  loto  the  .ecood  of  (31).  llie  re.olt  1.  ideotlcl  In 
fora  to  (;«)  Md  (38)  ,1th  Kj  ud  1^  cucoleted  by  repl.clng  p^  ..d 
by  Sj  end  dj  reepectlvely.  lb.  rart  fora  of  «y  be  n-ltten  o. 

",  ■  E  <Br'^  V'  ” 

*  8  ‘  min  u  t))  a*n  2-i  sin 


[o'  C06 


Where 


2E^  - 

which,  for  soall  &  ,  eiiipitiy  to 


2K^  “ 

•  V^' 


’in  ■  ‘  • 


'"■'A/  *  '/• 


In  order  to  celculote  the  correUtlon  function  for  the  bending 
•tree*,  ve  firet  calculate  the  bending  unent  M(x,t): 


•15- 


('♦S)  s  -El 

TbMM  the  hendin*  «aeut  correlation  «y  be  cnlcul.ted  fro. 

^  ■I(M(x,t)M(!,t.,))  ^  ^  ,jl, 2  !!S 

Sot 

Wjen  (35)  !■  eubitltutad,  thie  gives 
oo 

=  (Dc®x  Sn('*)(nT/l)*‘  •in  (nw/L)  tin  (nTi(/L) 

An  tMaiantlon  of  Sjj(t)  shon  that  it  t«  0(1/b^).  Henes 

(nx/l,)'*  SjjtT)  !  Od/n®) 

n  «,  eoncl«d,  ttet  (H)  oo.».r„.  thou#,  po..lbly  quit. 

■  icljr.  It,  i*,!,*  t.»Uug  .ti...  1,  ty  .  Hi  2  1,  .t, 

■•ctlon  «04ulu.  of  tt,  t,„.  It,  .tp...  cornutlon  m>«u 

therefore  be 

(■>5)  .  Z'\(M(«,t)  M(l,t  *  ,))  .  (llcV/!Z®)^(m/[,)‘*  5^(,) 

n«l 

•in  (ttvx/L)  sin  (mrt/L) 

Streii  Correlatlona  for  Other  Bendt»  TiOtdlmn 

H»  other  .F.C1.1  type,  of  lo«llug.  ere  of  pr.otlo.1  luportuo.. 
They  u.  th,  jmlj,  r;^  pr„»uo  ud  purely  r^ulo.  couo.otr.t.d 
lo^  of  vhloh  the  firet  lu  rqir..euted  by  .  preieure  correlation  of 


thS  fOTB 


-16. 


(W)  6(,) 

vhers  !•  the  coeeteot  epectnl  deeilty  or  preeeure  P(x,t).  me 
■exlmoi  heodloB  etreee  eoneletloo  lo  thle  eeee,  eelculeted  on  the 
beele  of  the  clheeleel  (BeroouUl -Euler)  theory,  1,  ,i„„  by 
oo 

(**7)  -  {D^r‘‘cVALV)^  n  t^(t)  .m  (.[x/l)  tin  (imt/L) 

where 


T.(t)  .  e-^’(H»2  .  („^  .  ^ 

•In  w^tJ 

{48)  .[U6^  ♦  co«  ,in  w^,]] 

“n  ‘  \**  ‘  *  a  •  ok/tl  ,  t  •  p/2a  , 


e  •  e^i  .  \  -  r  • 


In  tb*  ease  of  purely  rudoa  concentrated  Icntd  acting  at  x  ■  a,  ths 
load  correlation  !• 

(49)  Rp  ■  Dg  6(x  -  a)  6(t  -  a)  ^(t) 

n»  aaxiKia  bending  etreee  correlation,  baaed  on  the  claaelcal  theory, 
la  given  la  (!*],  ft.  reeulte  baeed  on  the  Tlaoehenko  aodel  le  ae  followe 


■17- 


(50)  =  (tojX®c®/LV)y  s_^(,)  (m/L)^  („/l.)2  ,1„ 

*  ^n=l 

Jin  (nim/L)  '(marx/L)  am  (nirf/L) 

where 

W')  ■/"Vr)w.(r,,)Rr 

•oo 

.1th  8i™.  by  th.  rir.t  o,  (26).  for  other  typ..  of  lohh  oorroU- 
tionaj  see  (4]. 

7*  Ifarlcel  Ennasle  end  Diaeuaal&n 

An  electronic  dlgltel  coaiputer  v»a  used  to  c*l«a*te  the  displace, 
■eot  on  mxxiwm  stress  correlations  at  x  M  (the  Man  s<iuare  values) 
for  the  case  of  purely  raadc.  loading.  The  .tael  tea.  used  was  neither 
thick  nor  thin  (L/r  »  20)  and  had  the  following  characteristics 

E  =  :jO  X  10^  pil  ^  C  =  12  X  10®  pel  , 

“  =  5/6  ,  0  *  0.205  Ib/ln^ 

L/r  *  20  ,  u^/2w  =  151. 5  cps  ,  w^/uw  =  5900  cpa  , 


“n  •  ^  “  95.6;  700. 


Ifca  aeries  for  R  and  converge  extrenely  rapidly,  thus  requiring 


.10> 

the  calculation,  of  only  the  flr.t  fea  ter*.,  tte  .erlee  for  i. 
however  very  alowly  convereent.  For  a  fair  accuracy,  it  vaa  oeceaaary 
to  take  Into  account  100  terw  of  the  aeriee.  Thla,  of  courae,  vaa  to 
be  expected,  a  Inca  the  Berooulli -Euler  Oheory  led  to  divergence  for 
thla  quantity  (4).  reaulta  of  theae  eea^putatione  are  plotted  in 
Flgurea  2-5.  For  the  purpoae  of  coaipariaon,  the  reaulta  of  the 
Bernoulli -Euler  Theory  la  alao  plotted  In  Flgurea  2  and  J.  It  la  clear 
frc*  theae  curve,  that  Bemoulll-Euler  beaa  theory  ie  aatlafactory  for 
calcuUtlona  of  the  aean  equare  of  the  dlaplaceaent.  iTje  curve,  of 
Figure.  4  and  5  wre,  on  the  other  head,  not  obtainable  fr<»  thla  theory. 
Figure  U  abova  that  the  aean  aquare  of  the  bending  atrtaa  la  alaoat  con- 
ntant  along  the  beta.  According  to  Figure  5,  thla  quantity,  In  tim, 

H  nearly  purely  randeaa,  aa  effectively  Indicated  by  the  calculation, 
baaed  on  the  cUaalcal  beaai  theory  (k).  The  daBq>log  baa  the  effect 
of  reducing  the  abarpneaa  of  the  correlation  at  pT  •  0. 

In  coDClualon,  the  BernouUl-Buler  beaa  theory  repreaente  an 
adequate  aodel  for  atudylng  raodca  vibration,  of  beaw,  vtaen  only  the 
aean  dl.pla«r!Bent.  are  .ought.  If  the  aean  bending  atreae  la  dealred, 
it  la  necaaaary  to  uaa  a  aore  laproved  theory.  Ihe  Tlasabenko  beaa 
theory,  aa  Indicated  by  the  preeent  atudy,  appeara  to  be  adequate  for 
thla  purpoae.  Tb«  aerlea  obtained  for  the  Man  aquare  bending  atreaa 
la,  however,  .lowly  convergent.  It  would  eeaa  dealrable  to  In-  jrporate 
some  fora  of  internal  deapiog  to  the  theory  ao  aa  to  i^rowa  the  con-‘ 
ver^nce  and  to  bring  the  theory  into  cloeer  agreeaent  with  reality. 


DISPLACEMENT  CORRELATION  FUNCTION 


DISPLACEMENT  CORRELATION 
ION  (Urmormolized)  vs, 
LATION  FUNCTION 


FIGURE  3. 
FUNCTI 
CORREI 


2jr‘B*v 


FIGURE4.  MEAM  SQUARE  STRESS  vs.  POSITION  ALONG  BEAM 


TmothenlK)  Thtory 
Bemoijil)i-  Cijl»r  ftu 


FIGURE2  .  MEAN  SQUARE  DISPLACEMENT  ALONG  BEAM 
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